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A B S T R A C T  

A separative ring is one whose finitely generated projective modules satisfy 

the property A �9 A ~- A | B -~ B | B ==~ A -~ B. This condition is shown 

to provide a key to a number of outstanding cancellation problems for 

finitely generated projective modules over exchange rings. It is shown that  

the class of separative exchange rings is very broad, and, notably, closed 

under extensions of ideals by factor rings. That is, if an exchange ring R 

has an ideal I with I and R/I both separative, then R is separative. 

I n t r o d u c t i o n  

In order to study the direct sum decomposition theory of a class of modules, it 

is important to know how close the class is to having an 'ideal' decomposition 

theory. Of course in the presence of suitable chain conditions, each module in 

the class is a direct sum of indecomposable modules, and an ideal decomposi- 

tion theory would yield uniqueness of decompositions into indecomposables, as 

in the Krull-Remak Schmidt-Azumaya Theorem. However, when the class of 

modules is not built from indecomposables, an 'ideal' decomposition theory must 

be formulated in terms of different conditions. Among the most basic and useful 

are:  

(C) Cancellation: A | C TM B @ C ~ A TM B. 
71 n (UR) Uniqueness of n-th roots: (~=1 A ~- = B. 

These conditions have been studied in many contexts. We focus on the class 

FP(R) of finitely generated projective modules over a (von Neumann) regular 

ring R, or, more generally, an exchange ring. It follows from a combination of 

results of Fuchs, Kaplansky and Handelman that the regular rings whose finitely 

generated projective modules satisfy (C) are precisely those with stable rank one 

(cf. [27, Theorem 4.5 and Proposition 4.12]). This result was recently extended 

to exchange rings by Yu [53, Theorem 9]. However, the second author has con- 

structed simple regular rings with stable rank one over which (UR) fails [29]. On 

the other hand, right selfdnjective rings R constitute a nice class of exchange 

rings such that FP(R) satisfies uniqueness of n-th roots for all n (cf. [26]), but 

in general FP(R) does not satisfy cancellation. 

We say that  R is a separa t ive  r ing  if the following condition holds for all 

A , B  E FP(R): 

A |  

Obviously the class of separative rings includes all rings R such that  FP(R) 

satisfies either cancellation or uniqueness of n-th roots. As we will prove, it 
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includes many more - -  perhaps all - -  exchange rings. One important source of 

construction of separative exchange rings is provided by our Extension Theorem 

for separative exchange rings (Theorem 4.2). It states that, for an exchange ring 

R with a (two-sided) ideal I, the ring R is separative if and only if I and R / I  are 

separative. (Here, saying that I is separative is equivalent to saying that all the 

unital rings ere are separative for e = e 2 E I.) This is in sharp contrast with 

the class of exchange rings with stable rank one (see for example [27, Example 

4.26]). 

We also prove that separativity for an exchange ring R drastically reduces the 

possible values of the stable rank of R, to 1, 2, or c~. It is conceivable that  all 

exchange rings are separative. As we show, this would imply affirmative answers 

to five outstanding open questions in the theory of regular rings (see Section 6). 

This illustrates the role of separativity as a unifying principle for cancellation 

problems over exchange rings. 

The term s e p a r a t i v i t y  is borrowed from semigroup theory. Following Clifford 

and Preston [19, p.131], an abelian monoid M is said to be s e p a r a t i v e  if for all 

a, b E M, 

a + a = a + b = b + b  ~ a=b.  

They chose this term because, by a 1956 result of Hewitt and Zuckerman [34], 

M is separative if and only if the characters of M separate elements of M. (See 

[19, Theorem 5.59]. For this result, a character of M can be any semigroup 

homomorphism of M into the multiplicative semigroup of complex numbers.) 

We have chosen our terminology in such a way that a ring R is separative if and 

only if the monoid V(R) of isomorphism classes of finitely generated projective 

R-modules is a separative monoid. We have found it useful to apply semigroup 

methods in V(R) to prove some of our results. 

In the last section, we give some applications of our results to the field of 

operator algebras. Since C*-algebras with real rank zero are exchange rings 

(Theorem 7.2), our results can be applied to this important class of C*-algebras. 

Moreover, this theorem shows that the exchange property provides a uniform 

algebraic viewpoint for direct sum decomposition properties over regular rings 

and C*-algebras with real rank zero, and hence it gives further motivation to 

work within the class of exchange rings. 

Here is a brief outline of the paper. In Section 1, we recall some basic definitions 

and we prove some preparatory lemmas. In Section 2, we develop some basic 

characterizations and initial applications of separativity. Section 3 is devoted 

to the study of stable rank conditions on exchange rings. In particular, it is 



108 P. ARA, K. R. GOODEARL, K. C. O'MEARA AND E. PARDO Isr. J. Math. 

proved that the only possible values of the stable rank of a separative exchange 

ring are 1, 2, or oc. We prove in Section 4 one of the main results of this 

paper, namely the Extension Theorem for separative exchange rings. Section 5 

gives a corresponding extension result for the smaller class of strongly separative 

exchange rings, which is obtained as a corollary of the above. Finally, Sections 6 

and 7 examine some particular features of our results for the important classes 

of regular rings and C*-algebras with real rank zero, respectively. 

Since most of the literature on regular rings and exchange rings is written for 

the unital case, we shall operate under the dictum "all rings have units" for most 

of the paper. When discussing C*-algebras in the final section, however, we state 

our results for not necessarily unital algebras as far as possible. Our notation 

is standard; see for instance [10, 27]. In particular, we write nA for the direct 

sum of n copies of a module A. We use the notation A ~e  B to indicate that a 

module A is isomorphic to a direct summand of a module B. 

All monoids considered in this paper will be abelian monoids, written addi- 

tively. 

1. E x c h a n g e  r ings  a n d  r e f i n e m e n t  m o n o i d s  

We begin by recalling some basic concepts that are central to our work, in par- 

ticular the notions of 'exchange ring' and ' refnement monoid', and we introduce 

a natural refinement monoid V(R) that faithfully records direct sum decomposi- 

tions of finitely generated projective modules over any exchange ring R. 

An R-module M has the e x c h a n g e  p r o p e r t y  (see [21]) if for every R-module 

A and any decompositions 

A = M'  G N = ~ A t  
t e l  

with M ~ ~ M, there exist submodules A~, C A, such that 

(It follows from the modular law that A~ must be a direct summand of As for 

all i.) If the above condition is satisfied whenever the index set is finite, M 

is said to satisfy the f ini te  e x c h a n g e  p r o p e r t y .  Clearly a finitely generated 

module satisfies the exchange property if and only if it satisfies the finite exchange 

property. It should be emphasized that the direct sums in the definition of the 

exchange property are internal direct sums of submodules of A. One advantage 
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of the resulting internal direct sum decompositions (as opposed to isomorphisms 

with external direct sums) rests on the fact that direct summands with common 

complements are isomorphic - -  e.g., N ~ (~EI  A~ above since each of these 

summands of A has M ~ as a complementary summand. 

Following Warfield [48], we say that a ring R is an exchange  r ing if RR 

satisfies the (finite) exchange property. By [48, Corollary 2], this definition is left- 

right symmetric. If R is an exchange ring, then every finitely generated projective 

R-module has the exchange property (by [21, Lemma 3.10], the exchange property 

passes to finite direct sums and to direct summands), and so the endomorphism 

ring of any such module is an exchange ring. Further, idempotents lift modulo 

all ideals of an exchange ring [41, Theorem 2.1, Corollary 1.3]. 

The class of exchange rings is quite large. It includes all semiregular rings 

(i.e., rings which modulo the Jacobson radical are regular and have idempotent- 

lifting), all 7r-regular rings, and more; see [48, 46]. Further, all C*-algebras with 

real rank zero are exchange rings, as we prove in Section 7. 

The following criterion for exchange rings was obtained independently by 

Nicholson and the second author. 

LEMMA 1.1 ([41, Theorem 2.1; 31, p. 167]): 

exchange ring i f  and only if  for every element 

e E R such that e E Ra and l - e  E R ( 1 - a ) .  

Let R be a ring. Then, R is an 

a E R there exists an idempotent  

I 

For any ring R we denote by FP(R) the class of finitely generated projective 

right R-modules. The following common refinement property for direct sums in 

FP(R) is well known over regular rings [27, Theorem 2.8]. 

PROPOSITION 1.2: Assume that R is an exchange ring and that A1, A2, B1, B2 E 

FP(R). If  A1 �9 A2 TM B1 �9 B2, there exist decompositions A~ = A,1 G A~2 for 

i = 1,2 such that A b (9 A23 ~ B3 for j = 1,2. 

Proof: This is a special case of [21, Theorem 4.1]. We give the easy proof for the 

reader's convenience. It suffices to prove the existence of common refinements for 

any internal direct sum decomposition P = A(gB = C(gD, where P, A, B, C, D E 

FP(R). Now A has the exchange property. Then P = A (9 C' (9 D'  for some 

submodules C' C_ C and D ~ C_ D; moreover, C = C' (9 C" and D = D' (9 D" for 

s o m e C ' , D ' E F P ( R ) .  N o w P = A ( g B = A ( g C  ~(gD ~ , w h e n c e B ~ C  ~(gD ~. 

Also, P = C' (9 D' (9 (C" (9 D") = (C' (9 D') (9 A, and thus A ~- C" (9 D". I 

The above common refinement property is fundamental to almost all work 

on direct sum decompositions of finitely generated projective modules over an 

exchange ring R. (See, e.g., [27] for its use in the case of a regular ring.) Since 
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this property involves only isomorphisms and direct sums, it can be expressed 

in the monoid of isomorphism classes of objects from FP(R).  This provides a 

convenient notational shorthand that  simplifies many proofs. Furthermore, the 

monoid viewpoint provides a perspective which is sometimes more suggestive 

than a module-theoretic viewpoint. 

For any ring R, we denote by V(R) the monoid of isomorphism classes of 

objects from FP(R).  We shall use square brackets to denote these isomorphism 

classes; hence, the addition operation in V(R) is given by [P]+[Q] = [P| This 

monoid can also be described as the monoid of equivalence classes of idempotents 

from U~__I M~(R). In particular, this shows the right-left symmetry  of V(R). 

A monoid M is said to be a r e f i n e m e n t  m o n o i d  (e.g., [23], [50]) if whenever 

a+b = c+d in M, there exist x, y, z, t E M such that  a = x+y and b = z+t  while 

c = x + z and d = y + t. It is sometimes convenient to record such simultaneous 

refinements in the format of a r e f i n e m e n t  m a t r i x  

c d 

:(: :) 
(This notation means that  the sum of each row equals the element labelling that  

row, and similarly for column sums.) By induction, the refinement property also 

holds for sums with more than two terms, i.e., given al + . "  + am = bl + ' "  + bn 

in M, there exist elements x~ E M (for i = 1 , . . . , m  and j = 1 , . . . , n )  such that  

each a~ = x~l + --. + x~n and each b 3 = Xl~ + .-.  + xm~. Refinement monoids 

have been extensively studied in recent years; see for example [23], [43], [50], [51]. 

The class of refinement monoids is very large, as can be seen from the following 

result: Every abelian semigroup can be embedded in a refinement monoid [32, 

Theorem 1; 23, Theorem 5.1]. 

COROLLARY 1.3: If R is an exchange ring, then V(R) is a refinement monoid. 

Proof'. This is just a restatement of Proposition 1.2. | 

This result should be contrasted with the fact that  K + of an exchange ring 

does not always have the refinement property [40]. 

We will make use of a few standard concepts from the theory of abelian 

monoids. For instance, we will occasionally assume that  our monoids are conica l ,  

meaning that  elements x, y can satisfy x + y = 0 only when x = y = 0. Note that  

the monoids V(R) are always conical, since a direct sum of modules is zero only 

when the summands are zero. 
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Let M be a monoid. For x, y E .hi we will write x _< y if there exists z E M 

such that  y : x + z. This translation-invariant preorder (it is reflexive and 

transitive, but not necessarily antisymmetric) is called the a l g e b r a i c  p r e o r d e r  

in M [11, 2.1.1]. It is sometimes useful to assume that  M has an o r d e r - u n i t ,  

i.e., an element u E M such that  every element of M is bounded above by a 

positive multiple of u. In the monoid V(R), we have [A] < [B] if and only if 

A is isomorphic to a direct summand of B. Note that  [R] is an order-unit in 

V(R); more generally, a class [A] �9 V(R) is an order-unit precisely when A is a 

generator in the category of R-modules. 

Finally, we need a concept of 'ideal' for monoids that  corresponds, when applied 

to V(R), to ideals of the ring R. The appropriate concept is not that  of ideal 

as used in semigroup theory, but rather an analog of the 'o-ideals' studied in the 

theory of partially ordered groups (cf. [25, p. 20]). 

An o - idea l  of a monoid M is a submonoid S of M such that  S is hereditary 

with respect to the algebraic ordering, i.e., y < x for y C M and x �9 S implies 

y �9 S. (Equivalently, a nonempty subset S of M is an o-ideal if and only if we 

have a + b  �9 S ~ a,b �9 S for a ,b �9 M.) Observe that  the set of invert ible  

elements of M (i.e., its g r o u p  of  un i t s )  is an o-ideal of M, contained in every 

o-ideal. The monoid M is said to be o - s i m p l e  provided M is not a group and 

the only o~ideals of M are M and the group of units. In particular, a nonzero 

conical monoid is o-simple if and only if all its nonzero elements are order-units. 

Given an o-ideal S of M, we define a congruence ~ s  on M by setting a ~ s  b 

if and only if there exist e , f  �9 S such that  a + e = b + f .  Note that  a ~ s  0 if 

and only if a �9 S. Let M/S be the factor monoid obtained from the congruence 

~ s .  We shall write elements of M/S in the form [a]s. In case M is a refinement 

monoid, the congruence "~s can be expressed in the following alternative way: 

a ~ s  b if and only if there exist c �9 M and g ,h  �9 S such that  a = c + g and 

b=c+h.  
Let R be a ring and 1 a (two-sided) ideal of R. Denote by FP( I )  the set of 

projeetives P �9 FP(R) such that  P --- PI, and by V(I) the set of isomorphism 

classes [P] �9 V(R) for P �9 FP( / ) .  If R is an exchange ring, then every finitely 

generated projective R-module is isomorphic to a finite direct sum of principal 

right ideals of R generated by idempotents, so that  V(I) is the submonoid of 

V(R) generated by {[eR] I e = e 2 �9 I}. 

If R is an exchange ring, then so is R/I for every ideal I of R. The next result 

determines V(R/I) as a quotient of V(R). 

PROPOSITION 1.4: Let R be an exchange ring and I an ideal of R. Then V(I) 
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is an o-ideal of V(R)  and V ( R ) / V ( I )  ~ V ( R / I ) .  

Proof: It  is clear tha t  V(I )  is an o-ideal of V(R).  The tensor p roduc t  functor  

( - )  | ( R / I )  induces a natural  homomorphism q~: V(R)  ~ V ( R / I ) ,  and ~b in 

turn  induces a natural  homomorphism ~: V ( R ) / V ( I )  -4 V ( R / I ) .  First, notice 

tha t  as R is an exchange ring, idempotents  lift modulo I ,  whence q~ and ~ are 

surjeetive. 

To prove tha t  ~ is injective, it suffices to show that  whenever A, B E F P ( R )  

with A / A [  ~ B / B I ,  there exist decomposit ions A = A1 | A2 and B = B1 | B2 

such tha t  A1 - B1 while A2 = A2I and B2 = t321. This amounts  to a problem 

about  idempotent  matrices over R which become equivalent modulo I .  Since 

all matr ix  rings over R are exchange rings, it is enough to solve the 1 • 1 case. 

Therefore we may assume, wi thout  loss of generality, tha t  A = eR and B = f R  

for some idempotents  e, f E R. 

Now e R / e I  ~ f R / f I ,  and so there exist x C e R f  and y E f R e  such tha t  

z y  = e ( m o d I )  and yx  =- f ( m o d I ) .  Observe that  xy  C ere .  Since e r e  is 

an exchange ring with unit  e, there exists an idempotent  g E xyRe  such tha t  

e - g E (e - xy)Re;  then e -  g E I.  Write g = xyt  with t C era ,  and observe 

that  e==-g = et = t ( m o d I ) .  On the other hand, the element h - - y t x  E f R f  

is an idempotent  such tha t  g ~ h and f = yx  = yez  - y tx  = h (mod I) .  

Therefore A = gR | (e - g)R and B = hR | ( f  - h )R with gR ~- hR while 

( e  - g ) R  = (e  - g ) R I  a n d  ( f  - h ) R  = ( f  - h ) R I ,  as  d e s i r e d .  . 

Although it is not  needed in the present paper,  we mention tha t  for any 

exchange ring R, the lattice of ideals of V(R)  is isomorphic to the lattice of 

semiprimitive ideals of R [43, Teorema 4.1.7]. 

We conclude this section with some further observations about  ideals tha t  will 

be needed later. 

LEMMA 1.5: Let R be an exchange ring and 1 an ideal of R. 

(a) Given any  idempotents e l , . . .  ,en C l ,  there exists an idempotent e E I 

such that e l , . . . ,  en C ReFl. 

(b) V(1) equals a directed union of o-ideals V (ReR)  where e runs through the 

idempotents in I. 

(c) V ( R e R )  ~- V(eRe)  for any idempotent e C R. 

Proof: (a) It suffices to consider the case n --- 2. Since e lR  @ (1 - e l )R  = 

e2R | (1 - e2)R, Proposi t ion 1.2 yields a decomposit ion e2R = A | B such tha t  

A and B are isomorphic to direct summands  of e l R  and (1 - e l ) R  respectively. 

Hence, there exist idempotents  f G exRel and f '  E (1 - ex)R(1 - O)  such tha t  
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( f  + f f )R '~ e.2R. Note that  f '  E Re2R C_ I. Thus e := el + f '  is an idempotent in 

I ,  and obviously el = eel E ReR. On the other hand, f + f~ = e(f  + if) E ReR, 

and therefore e2 E R ( f  + f ' )R  C_ ReR. 
(b) This is clear from (a). 

(c) Since the additive functor ( - )  | sends FP(eRe) into FP(ReR), it 

induces a monoid homomorphism r V(eRc) --+ V(RcR). The functor (-) |  
on the other hand, does not send all projective R-modules to projective eRe- 

modules. Consider a projective A E FP(ReR).  Since A is finitely generated, A = 

aleR +. . .  + aneR for some a~, whence there exists an epimorphism n(eR) ~ A, 
and so n(eR) ~ A | B for some R-module B. Consequently, n(eRe) TM Ae @ Be, 

and hence Ae C FP(eRc).  Therefore ( - ) |  induces a monoid homomorphism 

V,: V(ReR) V(eR ). 
It is clear that  ~/,r is the identity on Y(eRe). Observe that  for all right R- 

modules A there is a natural homomorphism rlA: A | Re | eR --+ A given 

by multiplication, and that  rkn is an isomorphism. If A E FP(ReR), then as 

above A is isomorphic to a direct summand of n(eR) for some n, whence ~]A is 

an isomorphism. Therefore r162  is the identity on V(ReR). II 

2. Separativity 

We develop some basic characterizations and initial applications of separativity 

in this section. Let us say that  a class C of modules is s e p a r a t i v e  if for all 

A, B E C w e h a v e  

A @ A ~ - A | 1 7 4  ~ A~-B .  

A ring R will be called a s e p a r a t i v e  r ing  if FP(R) is a separative class of 

modules. This is clearly more general than rings for which FP(R) is cancellative. 

We give some concrete classes of examples later, after developing some equivalent 

formulations of separativity. 

Since some of our work with separative exchange rings R involves calculations 

with the monoids V(R), we turn next to separativity for monoids. The monoid 

context is also convenient for demonstrating the equivalence of various forms of 

this condition. Recall that  a monoid M is s e p a r a t i v e  if for all a, b E M, 

a + a = a + b = b + b  ~ a=b.  

Note that  our terminology has been chosen so that  a ring R is separative precisely 

when the monoid V(R) is separative. In describing alternative forms of this 
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condition, it is convenient to use the following notation, borrowed from [51, 

Section 2]. For a ,b  E M we write a oc b if there exists a positive integer n 

such tha t  a <_ rib; equivalently, a belongs to the o-ideal generated by b. 

Since every semigroup can be embedded in a refinement monoid [32, Theorem 

1; 23, Theorem 5.1], there  exist non-separative refinement monoids. In fact, 

every o-simple conical monoid can be embedded in an o-simple conical refinement 

monoid [51, Corollary 2.7], and so there exist non-separative o-simple refinement 

monoids. The  first example of such a monoid was constructed by Bergman [9]. 

LEMMA 2.1: Given  a m o n o i d  M ,  the  fo l lowing condi t ions  are equivalent:  

(i) M is separat ive .  

(ii) For a, b E M ,  i f  2a = 2b and 3a = 3b, then a = b. 

(iii) For a, b C M ,  i f  there  ex is ts  n E N such tha t  na  = nb and ( n + l ) a  = ( n + l ) b ,  

t hen  a = b. 

(iv) For a, b, c E M ,  i f  a + c = b + c w i th  c oc a and c oc b, then  a = b. 

In case M is a re f i nemen t  mono id ,  s epara t i v i t y  is also equivalent  to the fol lowing: 

(v) For a, b, c E M ,  i f  a + 2c = b + 2c, then  a + c = b + c. 

Proof:  The  equivalence of (i) and (iv) amounts  to Hewitt  and Zuckerman's  result 

tha t  M is separat ive if and only if its archimedean components  are cancellative 

[34, Corollary 4.15.1] (el. [19, Theorem 4.16]). Our approach via condit ion (iii) 

gives an al ternat ive proof. The  implication (iii)==*(iv) is based on an argument  

of Kimura  and Tsai  [36, Theorem 1] (el. [11, Theorem 2.1.9]). 

(i)==*(ii). Observe tha t  2(2a) = 2(a + b) = 2a + (a + b). Then  by (i), we have 

2a = a + b. Since 2a = 2b also, we conclude using (i) again tha t  a = b. 

( i i ) ~ ( i i i ) .  If n E N such tha t  na  = nb and ( n +  l ) a  = ( n +  1)b, then 

n a + a = n a + b .  It follows that  n a + k a = n a + k b = n b + k b f o r  a l l k  E N.  If 

n > 1, then  2 n -  2 > n and so 2 ( n -  1)a = 2 ( n -  1)b and 3 ( n -  1)a = 3 ( n -  1)b. 

We conclude using (ii) tha t  (n - 1)a = ( n -  1)b. Therefore  by induction on n, 

we obtain a = b. 

( i i i ) ~ ( i v ) .  Assume tha t  a + c  = b + c  with c < ka and c <_ kb for some k E N. 

Write ka  = c + d for some d E M. We have 

( k + l ) a = a + c + d = b + c + d = k a + b .  

Then  ( k + 2 ) a =  ( k + l ) a + b = k a + 2 b ,  and so on: ( k + r ) a =  k a + r b f o r a l l  

r E N. By symmetry,  ( k + r ) b  = k b + r a  for all r E N. In particular,  taking r = k 

we obtain 2ka  = ka  + kb = 2kb. Further,  (2k + 1)a = ka + (k + 1)a = 2ka  + b = 

(2k + 1)b, and therefore a = b using (iii). 
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( i v ) ~ ( i ) .  Obvious. 

Now assume that  M is a refinement monoid. The implication (iv)==a(v) is 

clear. For the converse, consider elements a, b, c E M such that  a + c  = b+c while 

c o( a and c e( b. Since c < ka for some k ~ N, we have c = C l + . . . + c k  for some 

(:~ < a. It suffices to cancel the c~ successively from the equality a + cl + .  �9 �9 + ck = 

b + Cl + - . '  + ek, and so there is no loss of generality in assuming that  c _< a. 

Similarly, we may reduce to the case that  e <_ b. Now write a = a ~ + c  and 

b = b  ~ + c f o r s o m e a  ~,b ~ E M .  T h e n a  ~ + 2 c = b  ~ + 2 e a n d s o a  ~ + c = b  ~ + c b y  

(v), that  is, a = b. This shows that  ( v ) ~ ( i v ) .  | 

Lelnma 2.1 gives characterizations of separativity (using isomorphism in place 

of equality) for any class d of modules which is closed under finite direct sums - 

simply form the monoid of isomorphism classes. (To avoid set-theoretical diffi- 

culties, one can apply the lemma to monoids of isomorphism classes of modules 

taken from subsets of C.) In particular, (ii) shows that  separativity of d occurs 

precisely when 'multiple-isomorphism' (nA ~ nB  for all n > 1) coincides with 

isomorphism. In this light, it appears that  'multiple-isomorphism' within the 

class of finite rank torsionfree abelian groups is a considerably finer equivalence 

relation than 'near-isomorphism',  since by [49, Theorem 5.9] the latter is equiv- 

alent to ~tA ~ n B  for some n. Examples where separativity fails for torsionfree 

abelian groups of finite rank are constructed in [42]. 

Our main interest in Lemma 2.1 is its application to the monoids V(R) .  Thus, 

separativity for a ring R is equivalent to any of the following conditions holding 

for all modules A, B, C E FP(R):  

(ii) If 2A ~ 2B and 3A ~ 3B, then A ~ B. 

(iii) If there exists n E N such that  nA TM nB and (n + 1)A ~ (n + 1)B, then 

A ~ B .  

(iv) If A @ C ~ B (9 C and C is isomorphic to direct summands of both rnA 

and n B  for some rn, n C N, then A ~ B. 

We refer to property (iv) as s e p a r a t i v e  cance l l a t ion .  In case R is an ex- 

change ring, separativity is also equivalent to the condition 

(v) I f A | 1 7 4  t h e n A | 1 7 4  

for A, B, C E FP(R).  In [5, Theorem 3.4], we show that  R is separative if and 

only if all regular square matrices over each corner ring e r e  are diagonalizable 

over ere .  

Many large classes of rings of interest are separative. For instance: 

(1) All rings R with stable rank 1, since FP(R) is cancellative in that  case [24, 

Theorem 2]. This includes all unit-regular rings as well as all strongly 7r-regular 
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rings [3, Theorem 4], and hence all algebraic algebras over a field. 

(2) Any ring whose finitely generated projective modules enjoy uniqueness of 

square roots (2A ~ 2B =:=> A ~ B), because of condition (ii) above. This 

includes all right N0-continuous regular rings [1, Theorem 2.13] and all right self- 

injective rings (e.g., [26, Theorem 3]), as well as all AW*-algebras - -  even all 

Rick, art C*-algebras (see [2, Theorem 2.7]). 

(3) In light of the Extension Theorem that we prove in Section 4, many seem- 

ingly pathological examples of regular rings in tile literature, from Bergman's 

example of a directly finite regular ring which is not unit-regular [27, Example 

4.26] to the rings constructed in [6] and [7], are actually separative. 

The examples just mentioned illustrate the point that all known classes of 

exchange rings are separative. Outside the class of exchange rings, however, 

separativity can easily fail. Examples include the first Weyl algebra and the 

coordinate ring of the 2-sphere (cf. [30, Section 2]). It is not difficult to see that 

a commutative ring R is separative only if FP(R) is actually cancellative. 

PROPOSITION 2.2: The class of separative exchange rings is dosed under taking 

corners, finite matrix rings, arbitrary direct products, direct limits, and factor 

rings. 

Proof: Closure under direct products and direct limits is easy, using Lemma 

1.1 and the definition of separativity. We leave that part of the proof to the 

reader. That separativity passes to factor rings of exchange rings is easiest to 

prove using monoid calculations. Since we will need the corresponding monoid 

result later, we defer the proof to Lemma 4.3. Finally, let R be an exchange 

ring and T either a corner eRe or a matrix ring Mn(R). Then T is an exchange 

ring because it is the endomorphism ring of an object in FP(R). In the first 

case, V(T) ~ V(ReR) C_ V(R) by Lemma 1.5, while in the second case V(T) = 

V(TellT)  ~- V(e11Te11) ~ V(R) by the same lemma, where gll is tile usual 

matrix unit. In either case, separativity therefore passes from V(R) to V(T). 
| 

Our first application of separativity is to the stability of direct finiteness under 

the formation of matrix rings. Recall that a module A is called d i rec t ly  f ini te  

or d i r ec t l y  inf ini te  according to whether or not A is isomorphic to a proper 

direct summand of itself. A ring R is said to be d l ree t ly  finite provided RR is 

a directly finite module; equivalently, xy = 1 implies yx = 1 for x, y C R. We say 

that R is s t ab ly  f ini te  if all matrix rings M,~(R) are directly finite; equivalently, 

if all finitely generated projective R-modules are directly finite. 
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PROPOSITION 2.3: Any  directly finite separative ring R is stably finite. 

Proof: Suppose  t ha t  n R |  Then  we 

have (n - 1)R | (R | C) ~ (n - 1)R | R. Since R is separat ive,  we can cancel 

(n - 1)R from bo th  sides, obtaining R ~3 C ~- R. Then  since R is direct ly finite, 

we conclude tha t  C = 0. Therefore  R is s tably  finite. | 

An interest ing s i tuat ion in which separa t iv i ty  occurs is the case of an o-simple 

'pure ly  infinite'  monoid,  as follows. This  is a monoid version of an a rgument  of 

Cuntz  [22, Theo rem 1.4, Proposi t ion  1.5]. 

PROPOSITION 2.4: Let M be an o-simple conical monoid, and assume that for 

every nonzero element a E M,  there exists a nonzero element b E M such that 

a + b = a. Then M is a separative refinement monoid. In fact, the set  M* = 

M \ { 0 }  is a group. 

Proof: Since M is conical, M* is closed under  addition. We claim tha t  given any 

x , y  E M*, there exists an element z E M* such tha t  x 4- z = y. By hypothesis ,  

y + b = y for some b E It/*, and we observe tha t  y + n b  = y for all n E N. Since 

M is o-simple, x < nb for some n. Then  x + z '  = n b  for some x '  E M,  and 

x + (x'  + y) = y. Since M is conical, x '  + y E M*, and the claim is proved. 

The  claim above implies tha t  M* is a group (e.g., [20, Section 3.2, Theo rem 1]). 

In par t icular ,  M* is cancellative, and it follows immedia te ly  tha t  M is separat ive.  

I t  also follows easily tha t  M* is a refinement monoid,  and therefore tha t  M is 

one as well. | 

COROLLARY 2.5: Let t~ be a simple ring. I f  every nonzero finitely generated 

projective R-module is directly infinite, then R is separative. | 

COROLLARY 2.6: I f  R is a simple exchange ring which is not separative, then t~ 

has a corner e r e  which is a directly finite, simple, non-separative exchange ring-. 

Proof: By Corollary 2.5, there must  be some nonzero A C F P ( R )  which is 

direct ly finite. Now A = A1 | "-" G An for some A, which are isomorphic  to 

direct s u m m a n d s  of RR, and these A~ must  be directly finite. Hence, there exists 

a nonzero idempoten t  e E R such tha t  eR is a directly finite module.  Thus  e r e  

is a direct ly finite s imple exchange ring. Since V(eRe)  ~ V ( R e R )  = V(R)  by 

L e m m a  1.5, e r e  cannot  be  separat ive.  | 

Al though separa t iv i ty  for a ring R is an ' ex ternal '  condit ion in tha t  it involves 

all the modules  from F P ( R ) ,  it is equivalent to a corresponding ' in ternal '  version 

involving direct s u m m a n d s  of R in case R is an exchange ring (Corollary 2.9). 
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En route  to proving this,  we give the  main  reduct ion  s tep as a l emma  tha t  will 

be used again  later .  

LEMMA 2.7: Le t  h i  be a re f inement  monoid ,  and let a, b, c C M wi th  a + c  = b+c .  

(i) There  exis t  decompos i t ions  a = al q- a2 and b = bl + b2 toge ther  w i th  

c = c l + c 2 i n M s u c h  tha t  al = bl and a2 + c2 = b2 + c2 = c. 

(ii) I f  c <_ a and c <_ b, there  exis t  decompos i t ions  as in (i) such tha t  c2 <_ a2 

and  c2 5 b~. 

Proof:  (i) Since a + c = b + c, there  exists  a ref inement  m a t r i x  

b c 

a2 

c b2 c2 

S e t  b] = a l  and Cl = a2.  

(ii) We modi fy  the  decompos i t ions  ob ta ined  in (i). Since c2 < c < a = a l  + a2, 

we can wri te  c2 = c' + c" wi th  c' < a l  and c" _< a2. Then  a l  = c' + d for some 

d, and  we ob t a in  decompos i t ions  

a = d + (a2 + c ' ) ,  b = d -{- (b 2 -4- cr c = (c  1 -~- c t) ~- c" 

such t ha t  (a2 + c') + c" = (b2 + c') + c" = c and c" _< a2 < a2 -k C t. Thus,  af ter  

rep lac ing  the  or iginal  decompos i t ions  of a, b, c wi th  these new ones, we may  

assume tha t  c2 __< a2. 

Note  t ha t  the  p rocedure  jus t  per formed reduces c2 while en larg ing  a2 and b2. 

Therefore  we need only repea t  the  p rocedure  wi th  the  roles of a and  b reversed.  

| 

P R O P O S I T I O N  2.8: Le t  M be a re f inement  mono id  conta in ing  an order-uni t  u. 

Then  11I is separat ive  i f  and only  if, for a, b, c C M ,  i f  a + c = b + c <_ u w i th  

c <_ a and  c <_ b, then  a = b. 

Proof:  Assume  tha t  the  given special  cases of sepa ra t iv i ty  hold,  and  suppose  

t ha t  a + c = b + c for a, b, c E M with c o( a and c c~ b. As in the  proof  of L e m m a  

2 . 1 [ ( v ) ~ ( i v ) ] ,  we can reduce to  the  case tha t  c _< {u, a, b}. 

Now there  exist  decompos i t ions  a = al  + a2, b = bl + b2, and  c = cl + c2 as in 

L e m m a  2.70).  Since a2 + c2 = c ___ u, we may  - -  by hypothes is  - -  cancel  e2 from 

the equa t ion  a2 + c2 = b2 + c2. Therefore  a2 = b2, and  hence a = b as desired.  

| 
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COROLLARY 2.9: Let R be an exchange ring. Then R is separative if and only 

if  whenever A | C ~ B | C ~ e  R with C ~ e  A and C ~ e  B,  it follows that 

A ~ B .  I 

3. S table  rank 

It has been known for some time that stable rank conditions on endomorphism 

rings imply various cancellation properties [24, 49]. For a regular ring R, a 

combination of results of Kaplansky, Fuchs and Handehnan shows that R has 

stable rank 1 if and only if R R cancels from direct sums (cf. [27, Theorem 4.5 

and Proposition 4.12]). This equivalence was recently extended to exchange rings 

by Yu [53, Theorem 9]; see also [18, Theorem 3]. Further, Menal and Moncasi 

proved that  bounds oil the stable rank of a regular ring R are equivalent to 

cancellation conditions in FP(R) [38, Theorem 3]. 

We prove that for any exchange ring R, the stable rank of R is determined 

by cancellation conditions within FP(R).  This allows us to restrict the stable 

rank severely in the separative case namely, the stable rank of a separative 

exchange ring can only be 1, 2, or oo. 

Recall that a ring R satisfies the n -s tab le  r a n k  co n d i t i o n  (for a given positive 

integer n) if whenever a l , . . . ,  an+l ~ t~ with a i r  + ".. + a~+lR = R, there exist 

elements b l , . . . ,  b~ C R such that 

(al q- an+ibl)R ~- "." -F (an -]- an+ibn)R = R. 

If n is the least positive integer such that R satisfies the n-stable rank condition, 

then R is said to have s tab le  r a n k  n, and we write st(R) = n. If no such n 

exists, then st(R) = cx~. The reader is referred to [47] for the basic properties of 

stable rank. 

LEMMA 3.1 ([41, Proposition 2.9]): The following conditions are equivalent for 

a projective module P: 

(i) P has the finite exchange property. 

(ii) ff  P = -~I1 + "-" + Mn, where the kl ,  are submodules of P, then there is a 

decomposition P = P1 |  | Pn with P, C_ hl, for each i. 

(iii) I f  P = 31 + N,  where M and N are submodules of P, then there exists a 

direct summand P1 of P such that P1 C_ M and P = P1 + N.  | 

THEOREM 3.2: Let R be an exchange ring, P C FP(R),  and n E N. Then 

sr(EndR(P)) _< n i f  and only if  the following condition holds: 
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(t)  Whenever  X ,  Y C F P ( R )  with n P |  X -~ P | Y ,  there exists Q E F P ( R )  

such that  n P  ~ P |  Q and Y ~ X | Q. 

Proof: Set S = E n d R ( P ) .  The  impl ica t ion  ( ~ )  is due to Warfield [49, T he o re m 

1.3], and  is valid wi thout  the  exchange proper ty .  

Conversely,  assume tha t  (t)  holds, and let a l , . . . ,  an+l  be e lements  in S such 

t ha t  a l S  + ".. + a,,+lS = S. By L e m m a  3.1, there  exist  or thogonal  i d e m p o t e n t s  

el . . . . .  en+ 1 C S such tha t  el + . . .  + en+l = 1 and ezP C_ a~P for all i; it  follows 

t ha t  e~S C_ asS. Choose e lements  x~ E Se, such tha t  e, = a~x,, and set f ,  = x,a, .  

Then  a, f ,  = a,x~a~ = e,a,. Fur ther ,  f~x~ = x,, and hence ]-2 = f~. 

Note  t ha t  e , P  ~ f~P for all i. Hence, we have 

n P |  en+lP  = f l P  | (1 - f l ) P  @ . . .  @ f n P  @ (1 - f n ) P  @ e n + l P  

~ - e l P O ' " @ e n + I P @ ( 1 -  f l ) P O ' " @ ( 1 -  f . ) P  

= p �9 (1 - f l ) P  e . . .  �9 (1 - A ) P .  

By (t) ,  the re  exists  a pro jec t ive  Q E F P ( R )  such t ha t  n P  ~ P | Q and  

(1 - f l ) P  @ " "  @ (1 - f n ) P  ~- gn+l P @ Q. 

Therefore  there  exist  e lements  t, E en+ lS(1  - f , )  and  s, E (1 - f , ) S e n + l  such 

that Ezn=l t,.% = en+l .  Note tha t  a,s, = a,(1 - f , ) s ,  = (1 - e,)a,s ,  for all i < n. 

For i = 1 , . . .  ,n ,  set z, = en+la , (1  - k )  and c, = x,~+l(t,  - z,),  and  observe 

t ha t  

a~ + an+lOs = a, + en+l(t~ -- z~) = a, + t~ -- zl 

and (1 - e~ - en+l)a,s,  = a,s~ - &s,. Then  set 

dz ~- Sz -4- Zz -- Xz s a j s  3 

3=i 

for i = 1 , . . . ,  n. Since x, = f,x~ while t , f ,  = z,f~ = 0, we compute  t ha t  

, s ] 
~ ( a ~  + an+lq)d~ = a, + t, - z~)s~ + e, - e, %s ,  
z = l  - -  3=1 

2r 
n n n n 

z=l  z=l  ~=1 ~,3=1 
,# j  

n n 

= 1 + E ( a , -  z , ) s , -  E ( 1 - e , - e n + l ) a , s ,  = 1. 
z=l  z----I 
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Therefore E ~ l ( a ~  + an_FlCz)S = S ,  which verifies that  sr(S) _< n. 1 

Theorem 3.2 shows in particular that  if P cancels from direct sums in FP(R),  

then End~(P)  has stable rank 1. The converse follows from Evans'  theorem [24, 

Theorem 2]. Hence, we obtain a new proof of Yu's result that  an exchange ring 

R has stable rank 1 if and only if RR cancels from direct sums [53, Theorem 9]. 

THEOREM 3.3: Let R be a separative exchange ring and P a finitely generated 

projective R-module. 

(a) sr(EndR(P))  car, only be 1, 2, or oc. 

(b) s r (Endn(P) )  < oe if and only if the following condition holds: 

2 P | 1 7 4  ~ P |  

for all X, Y C FP(R).  

Proof: It is clear from Theorem 3.2 that  the condition given in (b) implies 

sr(EndR(P))  < 2. It remains to deduce this condition from the assumption that  

sr(EndR(P))  = n < oc. Suppose that  2P | X ~ P | Y for some X, Y E FP(R);  

we wish to show that  P |  ~ Y. Because of the separativity of FP(R),  it suffices 

to prove that  P <~ nY. By adding (n - 1)Y to both sides of the isomorphism 

2 P |  ~ P |  and repeatedly replacing P |  by 2 P |  on the left hand side, 

we obtain nP | (P | nX) TM P | nY. Since EndR(P) has stable rank n, there 

exists Q c FP(R)  such that  nP ~ P | Q and nY ~- (P | nX) | Q. Therefore 

p < e  nY as desired. II 

THEOREM 3.4: Let R be a separative exchange ring. If R is simple and directly 

finite, then sr(R) = 1. 

Proof: In view of Theorem 3.2, it suffices to show that  FP(R) is cancellative. 

Suppose A, B, C are in FP(R) with A | C = B | C. If one of A or B is 0, then 

so is the other, since R is stably finite (Proposition 2.3). If both A and B are 

nonzero, then by simplicity of R, we have C <e nA and C <~ nB for some n. 

Now by separative cancellation in FP(R),  we obtain A ~ B. Therefore FP(R) 

is cancellative, as desired. (An alternative method of proof can be found at the 

end of [30, Section 3]). | 

Returning to Theorem 3.2 for a moment,  we note that  this result shows that  

the stable rank of an exchange ring R is determined by the monoid V(R). To 

simplify the connection, it is convenient to introduce a definition of stable rank 

for elements of a monoid, modelled on the condition appearing in the theorem. 
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Let M be a monoid, a an element of M, and n E N. We say that  a satisfies the 

n - s t a b l e  r a n k  c o n d i t i o n  provided the following implication holds: Whenever 

n a + x  = a + y  for some x ,y  E M, there exists b E M such that  na = a + b  

and y -- x + b. (Note that  the n-stable rank condition implies the m-stable rank 

condition for all integers m > n.) The s t a b l e  r a n k  of a, denoted st(a), is the 

least positive integer n such that  a satisfies the n-stable rank condition (if such 

an n exists), or oe (if no such n exists). 

Theorem 3.2 can now be restated as follows: Given a finitely generated pro- 

jective module P over an exchange ring R, the stable rank of the ring EndR(P)  

equals the stable rank of the element [P] in the monoid V(R). In particular, 

sr(R) = sr([R]). 

We conclude the section by noting a recent result of Wu and Tong: If R is an 

exchange ring such that  all idempotents in R/J (R)  are central, then FP(R)  is 

cancellative [52, Theorem 2.5]. 

4. E x t e n s i o n s  

We now develop an Extension Theorem for separativity, which shows that  the 

class of separative exchange rings is closed under extensions in the following sense 

- -  whenever R is an exchange ring with an ideal I such that  I and R / I  are both 

separative, then R is separative. The exchange property for R must be assumed 

at the outset, since the class of exchange rings is not closed under extensions. The 

precise conditions under which the exchange property is preserved in extensions 

were recently determined by the first author [4]: the ring R is an exchange ring 

if and only if I and R / I  are both exchange rings and idempotents lift modulo I .  

We say that  an ideal I of a ring R is a s e p a r a t i v e  ideal  if V(I)  is a separative 

monoid. The following characterization of separative ideals of exchange rings is 

clear from Lemma 1.5. 

LEMMA 4.1: Let R be an exchange ring and I an ideal of R. Then I is separative 

if and only if all corner rings ere, for idempotents e E I, are separative. I 

THEOREM 4.2 (Extension Theorem): Let R be an exchange ring and I an ideal 

of R. Then R is separative if and only if I and R / I  are separative. 

Proof: The result will follow from Theorem 4.5 and Proposition 1.4. I 

Theorem 4.2 shows that  separativity leads to bet ter  closure properties than 

cancellativity. Namely, if R is an exchange ring and I is an ideal of R such tha t  

V ( R / I )  and Y(I )  are cancellative then V(R) need not be eancellative; see for 

example [27, Example 4.26] or [38, Example 1]. However, Theorem 4.2 shows 
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tha t  V ( R )  must  at least be separative, and we shall see in the next section tha t  

it in fact satisfies a rather  strong form of separativity. 

We derive Theorem 4.2 from a corresponding extension theorem for separative 

refinement monoids. The  monoid approach proved invaluable here. Indeed, we 

were unable to prove Theorem 4.2 with module-theoret ic methods,  and it was 

only the perspective afforded by phrasing the problem in terms of refinement 

monoids tha t  indicated a route to the solution. 

LEMMA 4.3: Let  M be a separative monoid and S an o-ideal of M.  Then M / S  

is separative. 

Proof: Assume tha t  2[a]s = [a]s + [b]s = 2[b]s for some a, b C M.  Then  there 

exist el, e2, e3 E S such tha t  2a + el = a + b + e2 = 2b + e3. After replacing each 

e, by e, + e3, we may assume in addit ion tha t  e3 _< 2e2. Now observe tha t  

a +  (a + el) = a +  ( b +  e2) 

with a _< a + el and a _< 2a + el = 2b + e3 _< 2(b + e2). By Lemma 2.1(iv), we 

obtain a + el = b + e2 since M is separative. Therefore [a]s = Ibis. | 

LEMMA 4.4: Let  M be a refinement monoid and S a separative o-ideal o f  M.  

A s s u m e  that a + e = b + e for some a,b E M and e E S such that e o( a and 

e oc b. Then  a = b. 

Proof: As in the proof  of Lemma 2.1[(v):==a(iv)], we can reduce to the case that  

e _< a and e < b. By Lemma 2.7, there exist decomposit ions 

a -- al + a2, b =- bl -[- b2, e = el + e2 

such tha t  al  = bl and a2 + e2 -- b2 + e2 _< e, while also e2 _< a2 and e2 < b2. 

Since e lies in S, so do a2,b2,e2. Hence, a2 = b2 because S is separative, and 

therefore a -- b. | 

We are now ready to prove our extension theorem for separative refinement 

monoids.  The  hypotheses of the theorem include the assumption tha t  the whole 

monoid has refinement, since, in general, an extension of two separative refine- 

ment  monoids has neither separat ivi ty nor refinement. For example, consider 

the (abel |an) monoid M generated by symbols a, b, c subject  to the relation 

a + 2 e  = b + 2 c .  The  order ideal S of M generated by c is just  the free 

abel |an monoid on c, and the factor M / S  is the free abel |an monoid generated by 

[a]s = [b]s. However, M is neither separative (2(a+c)  = (a+c)+(b+c)  = 2(b+c),  
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yet a + c ~ b + c) nor a refinement monoid (the relation a + 2c = b + 2c cannot  

be refined). 

Our  original proof of the following theorem was much longer than the proof  

we shall now present, which was discovered by Brookfield [14]. We thank him for 

permission to use it here. 

THEOREM 4.5: Let  M be a ret~nement monoid and S an o-ideal o f  M .  Then  M 

is separative i f  and only i f  S and M / S  are separative. 

Proo f  (Brookfield): If M is separative, then S is obviously separative and M / S  

is separative by Lemma 4.3. 

Assume now tha t  S and M / S  are separative. We prove separativi ty for M in 

the form of condit ion (iv) of Lemma 2.1. As in the proof of [(v)==~(iv)] of tha t  

lemma, it suffices to show that  a + e = b + c ==~ a = b for any a, b, c E M such 

t h a t c _ < a a n d c < b .  

By Lemma 2.7, there exists a refinement matr ix 

b c 

/ 
c 51 Cl 

with cl _< al and Cl < bl. (We have interchanged the indices 1 and 2 in the 

conclusion of the lemma.) In M / S ,  we then have [al]s + [r = [bl]s -I- [Cl]S 

with [Cl]S < [al]s and [cl]s _< [bl]s, and so it follows from separativi ty of M / S  

tha t  [al]s = [bl]s. Hence, there are ul,  Vl E S such tha t  al +Ul  = 51 + v l .  Apply  

refinement to the latter equation to obtain a refinement matr ix 

bl Vl 

/)2 . 

Ul u2 e2 

Then  al + u 2  = d2 + v 2 + u 2  = bl + v 2  and hence c + u 2  -- cl + a l  + u 2  = 

c l + b l + v 2 - -  c + v 2 .  S i n c e c <  a, there is s o m e x  C M such tha t  c + x  = a, 

whence 

a + v2 ~- x + c W  v2 --= x-t-c  + u2 = a +u2  -- dl + a l  + u 2  = dl + b l  + v 2  - b+ v2. 

Finally, note tha t  v2 E S (because v2 _< vl) and tha t  v2 _< al < c < a, b. Since 

S is separative, we therefore conclude from Lemma 4.4 tha t  a = b, as required. 
| 
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5. S t rong  s e p a r a t i v i t y  

As indicated in the previous section, there is a strong form of separativity that  

can hold even when cancellation still fails. The Extension Theorem leads to a cor- 

responding result for strong separativity which allows us to show that  the finitely 

generated projective modules over many exchange rings, including a number of 

seemingly pathological examples, satisfy strong separativity. 

LEMMA 5.1: Let C be a class of modules, closed under finite direct sums. Then 

the following conditions are equivalent: 

(a) For A , B , C  E C, if A @ C  ~ B |  a n d C ~ r  nA for s o m e n  E N, then 

A ~ - B .  

(b) For A, B E C, i f 2A-~  A |  then A ~- B. 

(c) For A, B,  C E C, if A | 2C ~- B | C, then A | C ~ B. 

Proof: Straightforward. (Compare [7, Proposition 4.2].) | 

We shall say that a class C of modules, closed under finite direct sums, is 

s t r ong l y  sepa ra t ive  if the conditions of Lemma 5.1 hold. Condition (a), for 

finitely generated projective modules, was considered in [7] under the name 

cance l la t ion  of  smal l  project ives .  

Let us say that a ring R (or an ideal I of R) is s t rong ly  sepa ra t ive  provided 

FP(R) (or FP(I))  is strongly separative. As with Lemma 4.1, it is clear from 

Lemma 1.5 that an ideal I of an exchange ring R is strongly separative if and 

only if the corner rings e re  are strongly separative for all idempotents e E I. 

Strongly separative exchange rings form a large subclass of separative exchange 
rings. On the other hand, since members of this subclass have stable rank at most 

2 (see Theorem 3.3), there are many examples of separative exchange rings which 

lie outside this subclass. In fact, there exist separative regular rings with rank 

functions which are not strongly separative (see [6, Example 3.8]; Theorem 4.2 

can be used to show that these examples are separative). The exact connection 

between separativity and strong separativity will be given in Proposition 5.6. 

We can now state our Extension Theorem for strong separativity in exchange 

rings. This result will follow immediately from Proposition 1.4 and Theorem 5.5. 

THEOREM 5.2: Let R be an exchange ring and I an ideal of R. Then R is 

strongly separative if  and only if  so are I and R / I .  | 

As an application of Theorem 5.2 we see that right semiartinian exchange rings 

are strongly separative. Bergman's example of a directly finite regular ring R 

which is not unit-regular [27, Example 5.10] is right and left semiartinian; hence, 
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V(R) is strongly separative but not cancellative. Note that [8, Example 3.1] gives 

an example of a directly finite regular ring which is right semiartinian and a right 

V-ring (i.e., all simple right modules are injeetive), but not unit-regular. 

The analog of Lemma 5.1 for a monoid M is that  the following conditions are 

equivalent: 

(a) Fo ra ,  b, c E i l l ,  i f a + c = b + c a n d c o ~ a ,  t h e n a = b .  

(b) Fora ,  b E M ,  i f 2 a = a + b ,  t h e n a = b .  

(c) Fo ra ,  b, c E M ,  i f a + 2 c = b + c ,  t h e n a + c = b .  

We say that  M is s t r o n g l y  s e p a r a t i v e  provided these conditions are satisfied. 

LEMMA 5.3: [f S is an o-ideal of a strongly separative monoid M, then S and 

M / S  are strongly separative. 

Proof: Obviously S is strongly separative. Consider a, b E M such that  2[a]s = 

[a]s + [b]s in M/S .  Then there exist e, f C S such that  2a + e = a + b + f ,  that  

is, (a + e) + a = (b + f )  + a. Since a < a + e, it follows from strong separativity 

in M that  a + e = b + f .  Therefore [a]s = [b]s, proving that  M / S  is strongly 

separative. | 

LEMMA 5.4: A monoid llf is strongly separative if and only if M is separative 
and all the o-simple factors of principal o-ideals of M are cancellative. 

Proof: Any factor of an o-ideal of M is strongly separative by Lemma 5.3. 

Since an o-simple strongly separative monoid is cancellative, we get one of the 

implications. 

Now assume that  M is separative and that  all the o-simple factors of all the 

principal o-ideals of M are cancellative. Let a, b E ill be such that  2a = a + b. 

Denote by l and J the o-ideals generated by a and b respectively. Clearly J _C I.  

If I = J then a = b by separativity of M. If J is strictly contained in I ,  then 

we can choose a maximal proper o-ideal S of I containing J ,  and we obtain that  

2[a]s = [a]s r [0Is in I /S ,  contradicting the assumption that  I / S  is cancellative. 

Therefore a = b and M is strongly separative. | 

THEOREM 5.5: Let M be a re/~nement monoid and S an o-ideal of M. Then M 

is strongly separative if and only if S and M / S  are strongly separative. 

Proof: One implication is given by Lemma 5.3. Conversely, assume that  S and 

M / S  are strongly separative. Then all the o-simple factors of principal o-ideals 

of S and M / S  are cancellative. Now consider an arbitrary o-simple factor I / J  
of a principal o-ideal I of M. If I N S C_ J,  then 

I / J  = I / ( I  N (J + S)) ~ (I + S) / (J  + S) ~ ((I + S) /S ) / ( (J  + S)/S)  
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with (I + S) /S  a principal o-ideal of M/S.  On the other hand, if I N 5 qZ J,  

then (I N S) + .] = I by the maximality of J and so I / J  TM (I n S) / (J  N S); since 

this monoid has an order-unit, it is isomorphic to a factor of a principal o-ideal 

of S. In either of the above cases, we conclude that I / J  is cancellative. Since BI 

is separative by Theorem 4.5, the result follows from Lemma 5.4. | 

We conclude the section with the following ring-theoretic analog of Lemma 5.4. 

PROPOSITION 5.6: An exchange ring R is strongly separative if and only if R is 

separative and alI simple factor rings of corners of I2 are directly finite, if and 

only if R is separative and all simple factor rings of corners of R have stable 

rank 1. 

Proof: This follows from Proposition 1.4, Theorem 3.4, and Lemmas 1.5, 5.4, 

together with the observation that the principal o-ideals of V(R) are precisely 

the o-ideals of the form V(ReR) for idempotents e C R. It is clear that V(ReR) 

is the o-ideal generated by [eR]. Conversely, the o-ideal of V(R) generated by 

a class [A] is easily seen to equal V(I) where I is the trace ideal of A. We 

can write A ~ elR | ... | e,~R for some idempotents e~ E R, and then I = 

R e l R + . . .  + ReaR. In view of Lemma 1.5, I = ReR for some idempotent e, and 

the proof is complete. | 

6. Separative regular rings 

Since regular rings constitute the most thoroughly investigated class of exchange 

rings, and since many of the cancellation problems to which separativity is related 

were originally formulated over regular rings, we summarize our main results in 

this context and discuss their relations with various open questions. In particular, 

we observe that several basic open problems in this area have positive answers 

within the class of separative regular rings. We also develop an elementwise 

characterization of separativity for regular rings, which we use to pinpoint the 

relationship between separativity and unit-regularity. 

Separativity for regular rings is apparently the norm, in that it holds for all 

known classes of regular rings and is preserved in standard constructions. For 

instance, the class of separative regular rings includes all unit-regular rings, all 

right or left N0-continuous regular rings (see [1, Theorem 2.13]), and all regular 

rings satisfying general comparability - -  in fact, all regular rings satisfying 'gen- 

eralized s-comparability' [44, Theorem 3.9(2)]. By Proposition 2.2, this class is 

closed under taking corners, finite matrix rings, arbitrary direct products, direct 
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limits, and factor rings. Further, the class is closed under extensions of ideals by 

factor rings, by [27, Lemma 1.3] and the Extension Theorem (4.2). 

The presence of separativity in a regular ring has a number of nontrivial posi- 

tive implications, which we summarize in the following theorem. For this reason, 

separativity was awarded a 'blue ribbon' in [30]. 

Recall that  a ring R is a r ight  (left) H e r m i t e  r ing [35] provided every 1 x 2 

(2 x 1) matrix over R is equivalent to a diagonal matrix. These conditions are 

equivalent for regular rings [38, Proposition 8]. Further, a regular ring R is 

Hermite if and only if 

2 R O A ~ R @ B  ~ R |  

for all A, B E FP(R) [38, Theorem 9]. 

THEOREM 6.1: Let R be a separative regular ring. 

(a) If  R is directly finite, then R is stably finite. 

(b) I f  R is simple and directly finite, then R is unit-regular. 

(c) Tile stable rank of R is 1, 2, or ee. 

(d) I f  R has finite stable rank, then R is a Hermite ring. 

(e) Every square matrix over R is equivalent to a diagonal matrix. 

Proof: Properties (a)-(d) follow directly from Proposition 2.3 and Theorems 

3.3, 3.4. Part (e) is [5, Theorem 2.5]. | 

Each of the five parts of Theorem 6.1 is itself the subject of an outstanding 

open problem - -  namely, does that implication or statement hold universally for 

regular rings? Parts (a) and (b) correspond to Open Problems 1 and 3 in [27], 

parts (c) and (d) arose from [38], while part (e) corresponds to Question 6 in 

[39]. It is generally regarded that, on balance, the first four of these problems 

(which are seemingly independent) are likely to have negative answers. In this 

light, it seems rather likely that non-separative regular rings should exist. One of 

the reasons that current construction techniques have not yielded non-separative 

examples is that the class of separative regular rings is closed under extensions. 

This is in sharp contrast with, say, the class of unit-regular rings. For instance, 

the first example by Bergman of a directly finite regular ring which is not unit- 

regular [27, Example 5.10] was constructed as an extension of two unit-regular 

(in fact, semisimple) rings. 

As Theorem 6.1 and the discussion above show, separativity plays a key role 

in the direct sum decomposition theory of regular rings. Thus the question 
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whether separativity holds universally appears as a fundamental problem, which 

we emphasize by formulating the 

SEPARATIVITY PROBLEM: Are all regular rings separative? 

For a regular ring R, cancellativity for FP(R) can be characterized entirely 

within the ring R by an elementwise property, namely, that  each a E R be unit- 

regular (a = aua for some unit u). Unit-regularity of certain elements of R also 

serves to characterize separativity. The characterization is as follows; we write 

r(a) and g(a) for the right and left annihilators of an element a. 

PROPOSITION 6.2: A regular ring R is separative if and only if end1 a E R 

satisfying 

(,) Rr(a) = ~(a)R = R(1 - a)R 

is unit-regular in R. 

Proof: Firstly assume that  R is separative and a C R satisfies (*). Let J -- 

R(1 - a)R and choose an idempotent 9 E J such that  1 - a E gRg. (Such an 

idempotent exists by [33, Lemma 2.4].) Note that  J = Rg R  and a -- y + (1 - g) 

where y -- ag = ga is in gRg. Also r(a) C gR and s C Rg. Let A = r(a) and 

choose principal right ideals B and C such that  gR = A | C = B | yR. Then 

yR  = agR = aC ~ C, so A | C ~ B | C. NowgRC_ J = R A  by (*) ,whence 

gR <e nA  for some n. Also by the second equality in (*), gR C_ J = s and 

so gR <e m ( R / a R )  ~ m ( g R / y R )  ~- m B  for some m. Therefore by separative 

cancellation we can cancel C from A | C ~ B @ C to obtain A ~ B. Finally, we 

see that  a is unit-regular because r(a) = A ~ B ~ g R / y R  ~ R /a R .  

Conversely, assume (*) always implies the element a is unit-regular. By 

Corollary 2.9, it is enough to show that  we can obtain cancellation of C in the 

special case 

A | 1 7 4  

where A, B, C are principal right ideals of R satisfying C < e  A and C < e  B. 

Write R = A I | 1 7 4  = B1 o C 2 |  where A1 ~ A and B1 ~- B while 

C1 ~ C2 ~ C. Let a C R induce (by left multiplication) an endomorphism of RR 

which is zero on A1, an isomorphism from C1 onto C2, and the identity on D. 

Then (1 - a)R <e A1 @ C1 <e 2A1 = 2r(a), whence (1 - a)R C Rr(a) and so 

R(1 - a)R = Rr(a). Also, R / a R  ~- B1 yields (1 - a)R <e A1 @ C1 ~- B~ | C2 <e 

2B1 ~- 2 (R/aR) ,  and therefore ( 1 - a ) R  C_ ~(a)R. Hence, R ( 1 - a ) R  = s Now 

a satisfies (*) and so, by assumption, a is unit-regular. Thus r(a) -~ R / a R  which 
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implies A = ~ A~ = r a = an  = ~ B1 = ~ B and yields the desired cancellation. 
| 

Proposition 6.2 allows us to give the following connection between separativity 

and unit-regularity, parallel to [7, Proposition 4.9]. 

PROPOSITION 6.3: A regular ring R is unit-regular if  and only if R is separative, 

every factor ring of R is directly finite, and units can be lifted modulo every ideal 

of R. 

Proof: Direct finiteness and separativity are obvious consequences of unit- 

regularity. That  units lift is an old folklore result, recently recorded in 

[8, Lemma 3.5]. 

Conversely, assume that  the given conditions hold, and let a E R and I = 

Rr(a). In the factor ring t2 = R/ I ,  the right amfihilator of g is zero, and so 

R--~ = R. By assumption, ~ is a unit of R and lifts to a unit u E R. Set b = u - l a .  

Then I = Rr(b) arid 1 - b  E I ,  whence Rr(b) = R ( 1 - b ) R  D_ ~(b)R. Since R/g(b)R 

is directly finite, we obtain that  r(b) C_ s Thus Rr(b) = g(b)R = R(1 - b)R, 

which by separativity and Proposition 6.2 implies b is unit-regular. Now b equals 

a unit times an idempotent,  whence a = ub has the same form, and so a is 

unit-regular. Therefore R is unit-regular. | 

7. A p p l i c a t i o n s  to  o p e r a t o r  a l g e b r a s  

The cancellation problems for finitely generated projective modules over regular 

rings discussed in the previous section all have analogs over C*-algebras, although 

in that  setting it is common to phrase them in terms of orthogonal sums of 

projections (self-adjoint idempotents). The parallels between the two situations, 

in terms of what is known and what is open, are particularly striking for C*- 

algebras whose 'real rank'  (see below) is zero. We prove here that  these parallels 

are not just coincidental - -  the C*-algebras with real rank zero are precisely those 

C*-algebras which are exchange rings. This theorem then allows our separativity 

results to be applied to C*-algebras with real rank zero. We summarize the main 

applications using operator algebra terminology and notation, for the convenience 

of operator algebraic readers. 

We refer the reader to [10] and [28] for background and notation for C*- 

algebras. In particular, we use ~ and < to denote Murray-yon Neumann equiva- 

lence and subequivalence of projections, and we write Moo (A) for the (non-unital) 

algebra consisting of co x co matrices over an algebra A with only finitely many 
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nonzero entries. Unless specifically noted, our C*-algebras are not assumed to 

be unital.  

The  concept of r e a l  r a n k  z e r o  for a C*-algebra A has a number of equivalent 

characterizat ions (see [16]). The  one that  relates most natural ly to orthogonal  

sums of projections is the requirement tha t  each self-adjoint element of A can 

be approximated  arbitrari ly closely by real linear combinations of or thogonal  

projections.  (This is usually phrased as saying that  the set of self-adjoint elements 

of A with finite spect rum is dense in the set of all self-adjoint elements.) The  

nlain result of this section is tha t  the unital  C*-algebras of real rank zero are 

exactly the C*-algebras which are exchange rings. Since the class of C*-algebras 

of real rank zero is quite large (see for example [12]), this gives a wealth of 

new examples of exchange rings. In particular, all von Neumann algebras, AF- 

algebras, irrational rotat ion algebras and simple purely infinite C*-algebras are 

exchange rings. (See [12] and the references therein.) 

LEMMA 7.1: Let A be a unital Banach algebra such that for each a C A there 

exists  an idempoten t  e E Aa  satis(ving [[1 - ell _< 1 and lid - dell < 1. Then A is 

an exchange ring. 

Proof: Let a E A, and choose an idempotent  1 - e E A(1 - a) with lletl < 1 

such tha t  H(1 - a) - (1 - a ) ( l  - eDl[ < 1. Then lie - dell < 1, and as Ilel[ _< 1, we 

have that  [Le - eael[  < 1. Thus, eae is invertible in the Banach algebra eAe. Let 

t E eAe  such tha t  t(eae) = (eae)t = e, and set g = e + ta(1 - e). Then,  g = g2 

and also ta = ete(ea) = ete(eae + ca(1 - e) ) = e + ta(1 - e) = g, whence g C Aa. 

On the other  hand,  1 - g  = 1 - e - t a ( 1 - e )  = ( 1 - t a ) ( 1 - e )  E A ( 1 - e )  q A ( 1 - a ) .  

By Lemma 1.1, A is an exchange ring. | 

Let  A be a C*-algebra. For e > 0, denote by fe the continuous function from ]~ 

to R which is 0 on ( - c %  e/2], linear on [e/2, el, and 1 on [c, +oo).  For a positive 

element x in A, the set {f~(x) I e > 0} forms an approximate  identity for the 

heredi tary  sub-C*-algebra generated by x, namely ( x A x ) - .  As noted in [45, 

proof  of Theorem 7.2], if for each ~ > 0 there is a projection p~ E A such tha t  

f2~(x) ~ p~ <_ fe/2(x) ,  then the projections p~ form an approximate  identi ty for 

( x A x ) - .  

THEOREM 7.2: Let  A be a unital C*-algebra. Then the following conditions are 

equivalent: 

(a) A has real rank zero. 

(b) A is an exchange ring. 
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(c) For any  positive element x in A and any e > O, there exists a projection 

p �9 xAx  such that f~(x) �9 pAp. 

(d) For each positive element x C A, there exists a projection p in A such that 

p �9 xA and 1 - p  �9 (1 - x)A. 

Remark: As the proof  shows, it is also equivalent to ask tha t  conditions (c) or 

(d) hold for all self-adjoint elements,  or tha t  condition (d) hold for elements  x 

such t ha t  0 < x < 1. 

Proof." (a)==~(b).  By a result of Menal [37, Proposi t ion 4.8], every unital  C*- 

a lgebra  wi th  real rank zero satisfies the hypothesis  of L e m m a  7.1. 

( b ) ~ ( c ) .  Let x > 0 in A and e > 0. By L e m m a  1.1, there exists an idem- 

poten t  e �9 A such tha t  e �9 f~/2(x)A and 1 - e �9 (1 - f~/2(x))A. Observe  t ha t  

fc/4(x)e = e, so tha t  g := ef~/a(X) is an idempotent  and eA -- gA. Now 

set z = 1 + ( g * - g ) ( g - g * )  and observe tha t  p = g*gz -1 is a project ion 

in A (cf. [10, Proposi t ion 4.6.2]). Note tha t  pA -- g*A C_ f~/4(x)A and so 

p C L / 4 ( x ) A L / 4 ( x )  c_ zAx .  

On the other  hand,  since 1 - e �9 (1 - f~/2(x))d, we have f~(x)(1 - e) = 0 and 

so f~(x) = f~(x)e. Consequent ly  

= A ( x ) e L i 4 ( x )  = L ( x ) L I 4 ( X )  = 

This  implies tha t  f~(x) E g*A = pA. Thus  p is a project ion in x A x  such tha t  

f~(x) E pAp. 

(c)=:=~>(d). Let x be a posit ive element in A. By (c), there exists a project ion 

p C x A x  such tha t  f l /2(x)  E pAp. By spectral  calculus, ( 1 - f l / 2 ( x ) ) A  C_ ( 1 - x ) A .  

Also, 1 - p = (1 - fu2(x) ) (1  - p), and thus 1 - p E (1 - f i /2 (x) )A C_ (1 - x)A. 

(d)==c>(a). I t  is enough to show tha t  for each posit ive element x E A, the 

heredi ta ry  sub-C*-a lgebra  ( x A x ) -  has an approx imate  identi ty consisting of pro- 

ject ions (use [16, Theo rem 2.6(iv)]). For this, it suffices to find, for each e > 0, a 

project ion p in A such tha t  f2~(x) < p < fe/2(X). 
Apply ing  condit ion (d) to the element f~(x), we get a project ion p E f~(x)A 

such tha t  1 - p  �9 (1 - fe(x))A. Then  f2~(x)(1 - p )  = 0 and so f2r = f2~(x)p. 

This  gives f2~(x) <_ p. On the other  hand,  since p �9 f~(x)A, we get f~/2(x)l/2p = 

p and so p <_ f~/2(x), as desired. 1 

Given a (unital) C*-algebra  A, all idempotents  in mat r ix  algebras Mn(A) are 

equivalent to project ions (e.g., [10, Proposi t ion 4.6.2], [28, Proposi t ion  19.1]). 

Hence, the  monoid  V(A)  may  be described as the set of M u r r a y - v o n  N e u m a n n  
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equivalence classes of projections from M ~  (A), with addition induced from or- 

thogonal sums. This description of V(A) is taken as the definition by operator 

algebraists (cf. [10, Section 5.1]). The same definition is also used when A is not 

unital, and does not conflict with our usage in that case either. Namely, if A is 

identified with a closed ideal in its unitification A ~ in the standard manner, the 

above definition of V(A) in terms of projections yields a monoid isomorphic to 

the one constructed from the class FP(A) C FP(A ~) as in Section 1. 

In view of Theorem 7.2, Corollary 1.3 provides an alternative route to Zhang's 

Riesz decomposition results for projections in C*-algebras with real rank zero 

[54, Theorem 3.2]: 

THEOREM 7.3: Let Pl, P2, ql, q2 be projections in Moo (A) where A is a C*-algebra 

with real rank zero. If pl @ P2 ~ ql G q2, there exist orthogonal decompositions 

p] = r l l  �9 r12 and P2 = r2] | r22 such that ql ~ rll G r21 and q2 ~ r12 G r22. 

Proof: After replacing ql and q2 by equivalent projections, we may work within 

the unital C*-algebra (p] | p2)Moo(A)(pl | P2), which has real rank zero by 

[16, Theorem 2.10, Corollary 2.8]. Thus, without loss of generality, we may 

assume that A is unital and that Pl,p2, ql, q2 all lie in A. By Theorem 7.2 and 

Corollary 1.3, V(A) is a refinement monoid. The desired result now follows from 

the description of V(A) as the monoid of equivalence classes of projections from 

M~(A).  I 

This theorem of course includes Zhang's original Riesz decomposition result 

[55, Theorem 1.1], namely that p <~ ql | q2 implies p = rl  �9 r2 with r~ <~ q~ for 

each i. 

Theorem 7.2 together with Theorem 3.2 yields the following means of calcu- 

lating stable ranks (see the end of Section 3 for the definition of stable rank of 

elements of a monoid): 

THEOREM 7.4: If  A is a unital C*-algebra with real rank zero, then its stable 

rank equals the stable rank of the element [1A] in the monoid V(A). I 

Since the monoid V(A) has the same description in terms of projections in both 

the unital and non-unital cases, the definition of separativity for C*-algebras can 

be given in both cases simultaneously. Thus, a C*-algebra A is s e p a r a t i v e  

provided that  

p @ p ~ p @ q ~ q @ q  ~ p ~ q  

for projections p, q E M~(A).  (Some equivalent formulations follow from Lemma 

2.1.) 
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The class of separative C*-algebras includes those with stable rank 1 (over 

which orthogonal sums of projections enjoy cancellation) as well as those whose 

projections satisfy the condition p O p ~ q | q ===a p ~,- q. Thus, for example, all 

AW*-algebras, Rickart C*-algebras, AF-algebras, and irrational rotation algebras 

are separative. It  follows from results of Cuntz [22, Theorem 1.4, Proposition 1.5] 

that  all purely infinite simple C*-algebras are separative. In work in progress, 

Brown and Pedersen have shown that  C*-algebras of real rank zero which are 

e x t r e m a l l y  r ich  in the sense of [17] are separative (cf. [15, Section 1]). 

THEOREM 7.5: Let A be a C*-algebra with real rank zero and assume that I is 

a closed ideal of A. Then A is separative if  and only i f I  and A / I  are separative. 

In particular, A is separative i f  and only i f  its unitification is separative. 

Proof: This follows from Theorems 4.2 and 7.2. 1 

We conchlde by summarizing our main applications of separativity in the op- 

erator algebra context. Recall that  a unital C*-algebra A is said to be f in i te  if 

xx* = 1 implies x*x = 1 for x C A; this is equivalent to A being directly finite 

[10, 6.3.2]. 

THEOREM 7.6: Let A be a unital C*-algebra with real rank zero, and assume 

that A is separative. 

(a) I f  A is finite, then A is stably finite. 

(b) I f  A is simple and finite, then A has stable rank 1. 

(c) The stable rank of A is 1, 2, or oo. 

(d) The stable rank of A is finite if  and only if  the following cancel]ation prop- 

erty holds for projections p, q E Moo(A): 

1A �9 1A �9 p ~ 1A Q q ~ 1A �9 p "~ q. 

Proof: Because of Theorem 7.2, we can apply Proposition 2.3 and Theorems 

3.3, 3.4. 1 

There exist examples of finite unital C*-algebras which are not stably finite. 

These examples are constructed as extensions of a commutative C*-algebra by the 

algebra of compact operators on a separable infinite-dimensional Hilbert space 

[10, 6.10.1]. By Theorems 7.5 and 7.6, no such construction gives a finite but not 

stably finite C*-algebra of real rank zero. 
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